Global Symmetries of Quaternion-K$\bf \ddot{a}$hler ${\cal N}=4$
  Supersymmetric Mechanics by Ivanov, Evgeny & Mezincescu, Luca
ar
X
iv
:2
00
7.
12
98
5v
1 
 [h
ep
-th
]  
25
 Ju
l 2
02
0
Global Symmetries of Quaternion-Ka¨hler
N = 4 Supersymmetric Mechanics
Evgeny Ivanov ⋆, Luca Mezincescu ∗
⋆ Bogoliubov Laboratory of Theoretical Physics, JINR,
141980 Dubna, Moscow region, Russia
eivanov@theor.jinr.ru
∗Department of Physics, University of Miami,
P.O. Box 248046, Coral Gables, FL 33124, USA
mezincescu@physics.miami.edu
Abstract
We analyze the global symmetries of N = 4 supersymmetric mechanics involving
4n-dimensional Quaternion-Ka¨hler (QK) 1D sigma models on projective spaces
HHn and HPn as the bosonic core. All Noether charges associated with global
worldline symmetries are shown to vanish as a result of equations of motion,
which implies that we deal with a severely constrained hamiltonian system. The
complete hamiltonian analysis of the bosonic sector is performed.
PACS: 11.30.Pb, 11.15.-q, 11.10.Kk, 03.65.-w
Keywords: supersymmetric mechanics, harmonic superspace
1 Introduction
After appearance of the first version of supersymmetric quantum mechanics (SQM)
in the seminal paper [1], this class of theories was intensively and extensively studied
in numerous articles and reviews (see, e.g., [2] - [5]). The SQM models reveal inter-
esting quantum and geometric properties, some of which cannot be reproduced in the
framework of the standard dimensional reduction from the higher-dimensional super-
symmetric field theories. Of special interest are SQM models with extended N = 4
and N = 8 worldline supersymmetries. Some of these 1D sigma models admit, e.g.,
hyper-Ka¨hler manifolds as their bosonic target spaces and are capable to provide a
good laboratory for analyzing various properties of the higher-dimensional theories
associated with such kind of targets.
Until recently, the majority of SQM models (including those with N ≥ 4) were
constructed under assumption that the worldline (or super worldline in the case of
superfield models) are “flat”, i.e. 1D supersymmetry is rigid. In the paper [6], using
N = 4, 1D harmonic superspace approach [7], we constructed a new type of N =
4 supersymmetric mechanics involving 4n-dimensional Quaternion-Ka¨hler (QK) 1D
sigma models as the bosonic core. The basic distinguishing features of the new SQM
models constructed are local worldline N = 4 supersymmetry and the presence of the
appropriate N = 4, 1D supergravity multiplet for ensuring this local invariance.
When restricted to the HHn or HPn target manifolds, the bosonic sector of these
models is identical to the dimensionally reduced homogeneous QK sigma models of
refs. [8], [9], [10]. In ref. [6] the component action was also obtained for the fermionic
sector, therefore the whole component action in an arbitrary gauge is available. With so
much detailed information accessible it is worth trying some further insights into these
models. These models have rather large gauge symmetries, so that the quantization
in a covariant manner seems challenging. In this paper we will restrict ourselves to
the study of the global symmetries which these models possess, restricting the gauge
transformations to constant parameters. We will start by presenting a short review
of the QK component model followed by a review of their transformation properties.
Then we will concentrate on the global properties of these models, restricting the gauge
transformations to constant parameters. After a somehow involved algebra we will show
that the corresponding Noether charges are vanishing as a consequence of the equations
of motion, and therefore give rise to the gauge constraints, in a similar fashion, e.g., to
the appearance of Virasoro constraints in the string theory. The hamiltonian analysis
of the bosonic sectors of these homogeneous models is performed as a prerequisite to
their quantization.
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2 Superfield HHn and HPn actions
The particular HHn or HPn case of the general 1D superfield action describing N = 4
supersymmetric QK mechanics looks very simple [6]
SHP =
1
8
∫
µH
[
E
(
γq+aq−a − Qˆ+rQˆ−r
)
+ β
√
E
]
, (2.1)
where µH is the measure of integration over the whole N = 4, 1D superspace, a and r
are indices of the fundamental representations of the internal groups Sp(1) and Sp(n),
a = 1, 2; r = 1, . . . , 2n ,, q−a := D−−q+a , Qˆ−r := D−−Qˆ+r and q+a and Qˆ+r are
analytic N = 4 superfields subjected to the additional harmonic constraints
D++q+a = D++Qˆ+r = 0 .
The details of 1D harmonic superspace formalism including the explicit form of the
harmonic derivatives D±± can be found in [7] and [6]. An important object appearing in
(2.1) is the harmonic-independent (in the central basis) supervielbein E incorporating
fields of some non-minimal version of N = 4, 1D “supergravity”. Its presence secures
invariance of (2.1) under the appropriate local extension of N = 4, 1D supersymmetry.
The real parameter β is arbitrary, while γ = ±1, and with the signs ± the action (2.1) is
invariant, respectively, under the extended global Sp(n, 1) or Sp(n+1) groups realized
as
δq+a = −γΛarQˆ+r , δQˆ+r = Λarq+a , (2.2)
where Λar are the constant Sp(n, 1)/[Sp(1) × Sp(n)] or Sp(n + 1)/[Sp(1) × Sp(n)]
parameters. The Sp(1) and Sp(n) subgroups in both cases are realized as symplectic
rotations with respect to the indices a and r, respectively. For γ = ±1 the action
(2.1) in the bosonic sector, after fixing some gauges with respect to local symmetries,
describes 1D sigma models on the HHn and HPn target spaces.
3 Component QK Lagrangians
Three classes of the superfields which appear in (2.1) have the following field contents:
• The vielbein E encompasses the multiplet 8+8 of the “non-minimal” N = 4, 1D
“supergravity”. Its bosonic sector consists of the dynamical field h(t) (“gravi-
ton”) and the auxiliary fields M(t), M¯(t), µ(t), D(t), L(ik)(t) where i = 1, 2 are
the doublet indices of the SU(2) automorphism group of the supersymmetry al-
gebra. The fermionic sector involves the dynamical fermionic fields φi(t), φ¯i(t),
(“gravitino”) and the auxiliary fields σi(t), σ¯i(t). The conjugation rules for the
bosonic fields are evident, while for the fermionic fields they are:
(φi) = φ¯
i , (σi) = σ¯
i . (3.1)
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• Two other superfields, q+a and Qˆ+r, describe 1D “matter” and both encompass
the N = 4, 1D multiplets (4, 4, 0). First of them contains the dynamical fields
f ia, χa, χ¯a. It is 1D analog of the “conformal compensator” q+ superfield of the
harmonic superspace formulation of N = 2, 4D supergravity [11], [12]. The set
of (4, 4, 0) fields entering Qˆ+r contains the dynamical fields Fˆ ia, χr, χ¯r . The
conjugation properties of the relevant fields are:
(fia) = f
ia , (f ia) = fia ; (χa) = χ¯
a , (χa) = −χ¯a, (3.2)
and similar ones for Fˆ ir, χr. It is assumed that the indices i, a, and r, are raised
and lowered in the standard way by the skew -symmetric tensors εik, ε
ik, εab, ε
ab
and Ωrs,Ω
rs.
The precise way how all these fields enter the respective superfields can be found in [6].
We will be interested in the component Lagrangian LHP which corresponds to
the superfield one (2.1) and is obtained from the latter after integrating there over
Grassmann and harmonic variables. It is a sum of the three Lagrangians:
• The gauge-covariantized kinetic terms of the bosonic compensator and matter
fields:
L
b
HP =
1
2
h
(
˙ˆ
F ir
˙ˆ
Fir − γ f˙ iaf˙ia
)
+ Lik
(
Fˆ (ir
˙ˆ
F k)r − γf (iaf˙k)a
)
+
1
4
D
(
γf iafia − Fˆ irFˆir + β√
h
)
+
β
4
1√
hh
[
LikLik − 1
8
(
MM¯ + µ2 + h˙2
)]
. (3.3)
• The gauge covariantization of the kinetic terms of the fermionic compensator and
matter fields:
L
f(1)
HP =
i
4
h
[
γ
(
χa ˙¯χa − χ˙aχ¯a
)
− χr ˙¯χr + χ˙rχ¯r
]
+
i
2
φi
(
γf˙ iaχ¯a − ˙ˆF irχ¯r
)
− i
2
φ¯i
(
γf˙ iaχa − ˙ˆF irχr
)
+
i
2
σi
(
γf iaχ¯a − Fˆ irχ¯r
)
− i
2
σ¯i
(
γf iaχa − Fˆ irχr
)
+
M
8
(
γχ¯aχ¯a − χ¯rχ¯r
)
− M¯
8
(
γχaχa − χrχr
)
+
µ
4
(
γχ¯aχa − χ¯rχr
)
. (3.4)
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• The remaining Lagrangian that involves fermionic fields of the 1D “supergravity”
multiplet and comes solely from the last term in (2.1):
L
f(2)
HP = β
i
32h3/2
(
φi ˙¯φi − φ¯iφ˙i + 4σiφ¯i − 4σ¯iφi
)
+ β
3
64h5/2
(
4iLikφ(iφ¯k) +
M
2
φ¯iφ¯i − M¯
2
φiφi + µφ
iφ¯i
)
+ β
15
64 · 8
1
h7/2
(φkφk)(φ¯
iφ¯i). (3.5)
The total off-shell Lagrangian is the sum of these three ones:
LHP = L
b
HP + L
f(1)
HP + L
f(2)
HP . (3.6)
4 Transformation properties of QK Lagrangian
The above Lagrangian is invariant under the local transformations with the param-
eters b(t), λi(t), τ ik(t) associated, respectively, with the time reparametrizations, local
N = 4, 1D supersymmetry and local SU(2) R-symmetry. Various sets of fields have
the following transformation laws:
1. The fields f ia, χa, χ¯a:
δbf
ia = −2b f˙ ia − b˙ f ia , δbχa = −2bχ˙a − 2b˙ χa , δb χ¯a = −2b ˙¯χa − 2b˙ χ¯a, (4.1)
δλf
ia = −λi χa + λ¯i χ¯a , δλχa = 2i∂t(λ¯ifai ) , δλχ¯a = 2i∂t(λifai ) , (4.2)
δτf
ia = τ ik f
ka , δτχ
a = δτ χ¯
a = 0 . (4.3)
2. The fields Fˆ ir, χr, χ¯r:
δbFˆ
ir = −2b ˙ˆF ir − b˙ Fˆ ir , δbχr = −2b χ˙r − 2b˙ χr , δbχ¯r = −2b ˙¯χr − 2b˙ χ¯r, (4.4)
δλFˆ
ir = −λi χr + λ¯i χ¯r , δλχr = 2i∂t(λ¯iFˆ ri ) , δλχ¯r = 2i∂t(λiFˆ ri ) , (4.5)
δτ Fˆ
ir = τ ik Fˆ
kr , δτχ
r = δτ χ¯
r = 0 . (4.6)
3. N = 4, 1D “supergravity” fields:
δbh = −2b h˙ + 4b˙ h , δbM = −2b M˙ + 2b˙M , δbµ = −2b µ˙+ 2b˙ µ ,
δbL
(ik) = −2b L˙(ik) + 2b˙ L(ik) , δbD = −2b D˙ + 2∂t(b¨h) ,
δbφ
i = −2b φ˙i + 3b˙ φi , δbσi = −2b σ˙i + b˙ σi + b¨φi , (4.7)
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δλh = λ
iφi − λ¯iφ¯i , δλM = 2i ˙¯λiφi + iλ¯i(4σi − 2φ˙i) ,
δλM¯ = −2iλ˙iφ¯i − iλi(4σ¯i − 2 ˙¯φi) ,
δλµ = −i(λ˙iφi + ˙¯λiφ¯i)− i[λi(2σi − φ˙i) + λ¯i(2σ¯i − ˙¯φi)]
δλL
(ik) = λ¯(iσ¯k) − λ(iσk) − [ ˙¯λ(iφ¯k) − λ˙(iφk)] ,
δλD = λ
iσ˙i − λ¯i ˙¯σi − λ˙iσi + ˙¯λiσ¯i + ∂t(λ˙iφi − ˙¯λiφ¯i) ,
δλφ
i = λiM + λ¯i(µ+ ih˙) + 4iλ¯kLik − 4i ˙¯λih ,
δλφ¯
i = λ¯iM¯ − λi(µ− ih˙) + 4iλkLik − 4iλ˙ih ,
δλσ
i = λ˙iM + ˙¯λi(µ− ih˙) + 2iλ¯kL˙ik + iλ¯iD − 2i¨¯λih ,
δλσ¯
i = ˙¯λiM¯ − λ˙i(µ+ ih˙) + 2iλkL˙ik + iλiD − 2iλ¨ih , (4.8)
δτh = δτM = δτµ = 0 , δτL
(ik) = hτ˙ (ik) − 2τ (imLk)m , δτD = −2τ˙ (ik)L(ik) ,
δτφ
i = τ ikφ
k , δσi = τ ikσ
k − τ˙ (ik)φk . (4.9)
The standard rigid N = 4, 1D supersymmetry and R-symmetry SU(2) transfor-
mations of the component fields are recovered upon choosing the constant parameters
in (4.1) - (4.9), λ˙i = b˙ = τ˙ ik = 0 . The b˙ = 0 transformations are just the constant time
shifts.
The internal symmetry transformations (2.2) uniformly act in the evident way on
the indices a and r of matter bosonic and fermionic fields, properly mixing f ia with
Fˆ ir and χa with χr.
It is not so easy to check that the Lagrangian LHP given by eq. (3.6) is indeed
invariant, up to a total time derivative, under all these sets of the field transforma-
tions. Nevertheless, this can be done, in complete agreement with the corresponding
invariances of the superfield action (2.1) proved in [6].
5 Equations of motion
It is straightforward to derive the classical equations of motion following from the ac-
tion with the Lagrangian LHP , eq. (3.6). They are divided into sets of non-dynamical
algebraic equations, as well as the dynamical equations, of the second order in ∂t for
bosonic fields and of the first order for fermionic fields.
1. Non-dynamical equations:
D : γf 2 − Fˆ 2 + β
h1/2
= 0 , (5.1)
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Lik : Lik = −2h
3/2
β
[
Fˆ (ir
˙ˆ
F k)r − γf (iaf˙k)a
]
+
3i
8h
φ¯(iφk) , (5.2)
M¯ : M =
4h3/2
β
(
χrχr − γ χaχa
)
− 3
4h
φiφi ,
M : M¯ =
4h3/2
β
(
γ χ¯aχ¯a − χ¯rχ¯r
)
+
3
4h
φ¯iφ¯i ,
µ : µ =
4h3/2
β
(
γ χ¯aχa − χ¯rχr
)
+
3
4h
φiφ¯i , (5.3)
σ¯i : φ
i =
4h3/2
β
(
γf iaχa − Fˆ irχr
)
, σi : φ¯
i =
4h3/2
β
(
γf iaχ¯a − Fˆ irχ¯r
)
. (5.4)
2. Dynamical equations:
Fˆ ir : ∂t(h
˙ˆ
Fir) +
1
2
DFˆir − 2Lik ˙ˆF kr − L˙ikFˆ kr −
i
2
(
φi ˙¯χr − φ¯iχ˙r
)
+
i
2
[
(σi − φ˙i)χ¯r − (σ¯i − ˙¯φi)χr
]
= 0 (5.5)
(equation for f ia has the same form, with the evident substitution of indices r → a).
h : ∂2t (h
−
1
2 ) =
4
β
(
˙ˆ
F
2
− γf˙ 2) + V, (5.6)
V = − D
h3/2
− 3
h5/2
[LikLik − 1
8
(MM¯ + µ2 + h˙2) +
i
8
(φi ˙¯φi − φ¯iφ˙i + 4σiφ¯i − 4σ¯iφi)]
+
2i
β
[
γ
(
χa ˙¯χa − χ˙aχ¯a
)
− χr ˙¯χr + χ˙rχ¯r
]
− 15
16h7/2
(4iLikφiφ¯k +
M
2
φ¯iφ¯i − M¯
2
φiφi
+µφiφ¯i)− 7× 15
128h9/2
φkφkφ¯
iφ¯i. (5.7)
Then follow the equations for matter fermions:
χ¯r : χ˙r +
1
h
[−φi ˙ˆF ir − σiFˆ ir +
i
2
Mχ¯r +
i
2
µχr +
1
2
h˙χr] = 0 ,
χr : ˙¯χr +
1
h
[−φ¯i ˙ˆF ir − σ¯iFˆ ir +
i
2
M¯χr − i
2
µχ¯r +
1
2
h˙χ¯r] = 0 (5.8)
(and similar equations for χa and χ¯a).
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Finally, we obtain the equations for the “gravitino” φi and φ¯i:
φ¯i : φ˙i − 2σi + 3i
4
h−1
[
4iLki φk +Mφ¯i + (µ+ ih˙)φi
]− 8
β
h3/2
(
γf˙ai χa − ˙ˆF ri χr
)
+
15i
16
h−2φ¯i(φ
kφk) = 0 ,
φi : ˙¯φi − 2σ¯i −
3i
4
h−1
[− 4iLki φ¯k − M¯φi + (µ− ih˙)φ¯i]− 8βh3/2
(
γf˙ai χ¯a − ˙ˆF
r
i χ¯r
)
− 15i
16
h−2φi(φ¯
kφ¯k) = 0 . (5.9)
6 Noether charges
Noether charges are calculated in the standard way for the transformations with con-
stant parameters.
1. R-symmetry. We start with the SU(2) current associated with the parameters
τik. We define
δτΦA
∂L
∂Φ˙A
= τ ikJik
whence
Jik = h
[
Fˆ(ir
˙ˆ
F rk) − γf(iaf˙ak)
]
+
i
2
[
φ(i
(
Fˆ rk)χ¯r − γfak)χ¯a
)− φ¯(i(Fˆ rk)χr − γfak)χa)]
− 1
2
(
Fˆ 2 − γf 2)Lik + iβ 1
16h3′2
φ(iφ¯k). (6.1)
Using the bosonic constraint (5.1) and the on-shell expression for Lik and φi, φ¯i (from
the non-dynamical equations (5.2) and (5.4)), it is easy to show that on shell
Jik = 0 . (6.2)
2. Supersymmetry. Next we construct supercharges associated with the constant
parameters λi. We define
δλLHP = ∂tU , δλΦA
∂LHP
∂Φ˙A
− U = λkQk + λ¯kQ¯k , (6.3)
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with
U = λk{h
2
(
˙ˆ
F
r
kχr − γf˙akχa) + Lik(Fˆ ri χr − γfai χa)−
1
4
σk(Fˆ
2 − γf 2)
− i
4
φk(χ
rχ¯r − γχaχ¯a) + i
4
φ¯k(χ
rχr − γχaχa)
+
β
4h1/2
[σk − i
8h
(Mφ¯k + µφk − ih˙φk + 4iLikφi)−
3i
32h2
φ¯kφ
iφi]}
+ λ¯k{−h
2
(
˙ˆ
F rkχ¯r − γf˙ak χ¯a)− Lik(Fˆ ri χ¯r − γfai χ¯a) +
1
4
σ¯k(Fˆ
2 − γf 2)
− i
4
φ¯k(χ
rχ¯r − γχaχ¯a) + i
4
φk(χ¯
rχ¯r − γχ¯aχ¯a)
+
β
4h1/2
[−σ¯k + i
8h
(M¯φk − µφ¯k − ih˙φ¯k + 4iLikφ¯i)−
3i
32h2
φkφ¯
iφ¯i]}, (6.4)
whence
Qk = h
( ˙ˆ
F rkχr − γf˙akχa
)
+
1
4
σk
(
Fˆ jrFˆjr − γfakfak
)
− i
4
φk
(
χrχ¯r − γχaχ¯a
)
+
i
4
φ¯k
(
χrχr − γχaχa
)
+
β
16h3/2
[− 4hσk − h˙φk − 4Llkφl + 3i8hφ¯k(φlφl)
]
, (6.5)
Q¯k = h
( ˙ˆ
F rk χ¯r − γf˙ak χ¯a
)
+
1
4
σ¯k
(
Fˆ jrFˆjr − γfakfak
)
+
i
4
φ¯k
(
χrχ¯r − γχaχ¯a
)− i
4
φk
(
χ¯rχ¯r − γχ¯aχ¯a
)
− β
16h3/2
[
4hσ¯k + h˙φ¯k + 4L
l
kφ¯l +
3i
8h
φk(φ¯
lφ¯l)
]
. (6.6)
Let us show that Qi = 0 on shell. We identically rewrite the expression in the first
term in (6.5) as
˙ˆ
F rkχr − γf˙akχa = ∂t
(
Fˆ rkχr − γfakχa
)− (Fˆ rk χ˙r − γfak χ˙a)
= −β( 1
4h3/2
φ˙k − 3
8
1
h5/2
h˙φi
)− 1
h
φj
(
Fˆ rk
˙ˆ
F jr − γfak f˙ ja
)
+
β
2h3/2
σk − i β
8h5/2
(
Mφ¯k + µφk + ih˙φk
)
, (6.7)
where we made use of the bosonic constraint (5.1), eq. (5.8), together with the analo-
gous one for χa and (a few times) of the fermionic constraint (5.4). As the next steps
we represent
−1
h
φj
(
Fˆ rk
˙ˆ
F jr − γfak f˙ ja
)
= − β
8h5/2
h˙φk +
1
h
φj
[
Fˆ r(k
˙ˆ
Fj)r − γfa(kf˙j)a
]
,
substitute it in (6.7) and then use the equation of motion for φi, eq. (5.9). After some
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algebra, we obtain
˙ˆ
F rkχr − γf˙akχa =
β
16h5/2
h˙φk − 1
h
φj
[
Fˆ r(k
˙ˆ
Fj)r − γfa(kf˙j)a
]
− i β
16h5/2
[
Mφ¯k + µφk + 12iL
l
kφl +
15
4h
φ¯k(φ
lφl)
]
. (6.8)
Finally, using (5.2), we obtain
˙ˆ
F rkχr − γf˙akχa =
β
16h5/2
h˙φk
− i β
16h5/2
[
Mφ¯k + µφk + 4iL
l
kφl +
3
2h
φ¯k(φ
lφl)
]
, (6.9)
and this expression exactly cancels the remaining terms in (6.5), taking into account
that the total coefficient of σi in (6.5) is vanishing as a consequence of the constraint
(5.1).
In a similar fashion or just by conjugation we obtain:
˙ˆ
F rk χ¯r − γf˙ak χ¯a =
β
16h5/2
h˙φ¯k
− i β
16h5/2
[
M¯φk − µφ¯k + 4iLlkφ¯l −
3
2h
φk(φ
lφl)
]
, (6.10)
Thus on shell
Qk = Q¯k = 0 . (6.11)
It is worth mentioning that, using the identities (6.9),(6.10) deduced above, the
equations for the auxiliary fields σi, σ¯i (5.9) can be simplified:
φ˙i − 2σi + i
4h
[
4iLki φk +Mφ¯i + (µ+ ih˙)φi
]
+
3i
16
h−2φ¯i(φ
kφk) = 0 ,
˙¯φi − 2σ¯i −
i
4h
[− 4iLki φ¯k − M¯φi + (µ− ih˙)φ¯i]− 3i16h−2φi(φ¯kφ¯k) = 0 . (6.12)
3. Time translations. We define the conserved charge associated with b transforma-
tions (Hamiltonian) as
δbLHP = −2bL˙HP , Φ˙A∂LHP
∂Φ˙A
− LHP = H , (6.13)
whence
H = Hb +Hf(1) +Hf(2) ,
where
H
b =
1
2
h
(
˙ˆ
F ir
˙ˆ
Fir − γ f˙ iaf˙ia
)
− 1
4
D
(
γf iafia − Fˆ irFˆir + β√
h
)
− β
4
1
h3/2
[
LikLik − 1
8
(
MM¯ + µ2 − h˙2)], (6.14)
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H
f(1) = − i
2
σi
(
γf iaχ¯a − Fˆ irχ¯r
)
+
i
2
σ¯i
(
γf iaχa − Fˆ irχr
)
−M
8
(
γχ¯aχ¯a − χ¯rχ¯r
)
+
M¯
8
(
γχaχa − χrχr
)
− µ
4
(
γχ¯aχa − χ¯rχr
)
, (6.15)
H
f(2) = −β 3
64h5/2
(
4iLikφ(iφ¯k) +
M
2
φ¯iφ¯i − M¯
2
φiφi + µφ
iφ¯i
)
−β i
8h3/2
(
σiφ¯i − σ¯iφi
)
− β 15
64 · 8
1
h7/2
(φkφk)(φ¯
iφ¯i). (6.16)
Putting these formulas together and using some equations for the auxiliary fields we
get:
H =
1
2
h
(
˙ˆ
F ir
˙ˆ
Fir − γ f˙ iaf˙ia
)
− β
4h3/2
[
LikLik − 1
8
(
MM¯ + µ2 − h˙2)]
− 3iβ
16h5/2
Likφiφ¯k − 15β
64 · 8h7/2 (φ
kφk)(φ¯
iφ¯i) . (6.17)
It still remains to show that
H = 0 (6.18)
on shell.
The proof of (6.18) is more involved compared to (6.11). The basic step is to
represent the first term in the first line of (6.14) as
h
2
(
˙ˆ
F ir
˙ˆ
Fir − γ f˙ iaf˙ia
)
=
1
4
∂t
[
h∂t
(
Fˆ 2 − γf 2)]− 1
2
[
Fˆ ir∂t
(
h
˙ˆ
F ir
)− γf ia∂t(hf˙ia)].(6.19)
Then, making use of the equations of motion, we obtain:
1
2
h
(
˙ˆ
F ir
˙ˆ
Fir − γ f˙ iaf˙ia
)
= −β
4
∂2t (h
1/2) +W, (6.20)
where
W =
1
2
Fˆ ir
{1
2
DFˆir − 2Lik ˙ˆF
k
r − L˙ikFˆ kr −
i
2
(φi ˙¯χr − φ¯χ˙r)
+
i
2
[(σi − φ˙i)χ¯r − (σ¯i − ˙¯φi)χr]
}
− γ 1
2
f ia
{1
2
Dfia − 2Likf˙ka − L˙ikfka
− i
2
(φi ˙¯χa − φ¯χ˙a) +
i
2
[(σi − φ˙i)χ¯a − (σ¯i − ˙¯φi)χa]
}
. (6.21)
As the next step, we cast (5.6) in the form:
−1
h
∂2t (h
1/2) +
h˙2
2h5/2
=
4
β
(
˙ˆ
F
2
− γf˙ 2) + V . (6.22)
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Using this equation, we rewrite (6.20) as the following identity:
h
2
(
˙ˆ
F ir
˙ˆ
Fir − γ f˙ iaf˙ia
)
= −βh
4
V +
β
8h3/2
h˙2 −W . (6.23)
Now, the strategy will be following: the terms which contain h˙ are going to eventu-
ally cancel, the other terms with time derivatives, or matter fermions, can be replaced
by using the equations of motion. In this way we end up with an expression for H
which contains only terms related to the supergravity multiplet and its auxiliary fields
ordered by odd integer powers of h−
1
2 , and the coefficients of each individual power of
this sort must vanish. This can be rather easily checked for the terms with h−
1
2 and
h−
3
2 . More involved calculation shows that all terms with the higher inverse degrees of
h also vanish.
4. Sp(n, 1) and Sp(n + 1) symmetries. The general definition of the relevant
conserved current is
δΛΦA
∂L
∂Φ˙A
= ΛarJar .
Then
Jar = f
i
a
[
h
˙ˆ
Fir − i
2
(
φiχ¯r − φ¯iχr
)]
+ Fˆ ir
[
hf˙ia − i
2
(
φiχ¯a − φ¯iχa
)]
− 2Likf iaFˆ kr +
i
2
h
(
χrχ¯a − χ¯rχa
)
. (6.24)
The Sp(1) and Sp(n) currents are calculated analogously. All these currents are con-
served, but non-vanishing on shell, because they correspond to the internal global sym-
metries as opposed to the previously presented currents associated with the worldline
symmetries.
7 Canonical momenta
The canonical momenta are calculated straightforwardly:
P
(F )
ir =
∂L
∂
˙ˆ
F ir
= h
˙ˆ
Fir − LikFˆ kr −
i
2
(
φiχ¯r − φ¯iχr
)
,
P
(f)
ia =
∂L
∂f˙ ia
= −γhf˙ia + γLikfka +
i
2
γ
(
φiχ¯a − φ¯iχa
)
,
P
(h) =
∂L
∂h˙
= − β
16h3/2
h˙ , (7.1)
P
(χ)
r =
∂L
∂χ˙r
= − i
4
hχ¯r , P
(χ¯)
r =
∂L
∂ ˙¯χr
=
i
4
hχr ,
P
(χ)
a =
∂L
∂χ˙a
=
i
4
γhχ¯a , P
(χ¯)
a =
∂L
∂ ˙¯χa
= − i
4
γhχa ,
P
(φ)
i =
∂L
∂φ˙i
= iβ
1
32h3/2
φ¯i , P
(φ¯)
i =
∂L
∂ ˙¯φi
= −iβ 1
32h3/2
φi , (7.2)
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where the derivatives with respect to χ˙r, ˙¯χr, χ˙a, ˙¯χa, φ˙i and ˙¯φi are understand as the
right ones.
The supercharges can be expressed in terms of the bosonic canonical momenta as
Qk = P
(F )r
k χr + P
(f)a
k χa + P
(h)φk +
3iβ
16 · 8h5/2 φ¯k(φ
lφl)
+
i
4
[
φk(χ¯
rχr − γχ¯aχa)− φ¯k(χrχr − γχaχa)
]
, (7.3)
Q¯k = P
(F )r
k χ¯r + P
(f)a
k χ¯a + P
(h)φ¯k − 3iβ
16 · 8h5/2 φk(φ¯
lφ¯l)
+
i
4
[
φk(χ¯
rχ¯r − γχ¯aχ¯a)− φ¯k(χ¯rχr − γχ¯aχa)
]
. (7.4)
We used here the algebraic equations (5.1) and (5.4). Analogously, one can reexpress
the SU(2) current and the Hamiltonian
Jkl = P
(F )r
(k Fˆl)r + P
(f)a
(k fl)a +
iβ
16h3/2
φ(kφ¯l) , (7.5)
H =
1
2h
[
(P(F ))2 − γ(P(f))2 − 16h
5/2
β
(P(h))2
]
− iβ
4h5/2
L(ik)φ(iφ¯k) − β
32h3/2
(
MM¯ + µ2
)− 3β
8 · 64h7/2 (φ
iφi)(φ¯
iφ¯i)
+
1
h
LikJik +
i
2h
(
φiQ¯
i − φ¯iQi
)
. (7.6)
Since Jik = Q
i = Q¯i = 0 on shell, the last line in the expression (7.6) can be suppressed.
The auxiliary fields M, M¯ and µ can be replaced by their on-shell expressions.
Finally, the internal symmetry current Jar, (6.24), is expressed as
Jar = f
i
aP
(F )
ir − γFˆ irP(f)ia +
i
2
h
(
χrχ¯a − χ¯rχa
)
. (7.7)
Now one can define the Poisson brackets, quantize them and find quantum expres-
sions for the (super)charges. The wave function |Φ > should satisfy the conditions
Jik|Φ >= Qi|Φ >= Q¯i|Φ >= H|Φ >= 0 (7.8)
and, after solving these equations, be expressed in terms of irreps of Sp(n + 1) (for
γ = −1) or Sp(1, n) (for γ = 1).
Due to the first-class constraints Jkl ≃ 0 Qi ≃ 0 , Q¯i ≃ 0 , H ≃ 0 the considered
system, prior to quantization, should be exposed to an accurate Hamiltonian analysis,
which for the bosonic sector will be performed in the next section. We will finish this
section by presenting the set of Poisson brackets for the dynamical variables.
Bosonic brackets.
{Fˆ ir,P(F )ks } = δikδrs , {f ia,P(f)kb } = δikδab , {h,P(h)} = 1 . (7.9)
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Fermionic brackets.
To unambiguously define the brackets involving fermionic fields we need to apply
to the Dirac method. As is seen from the expressions for the fermionic momenta (7.2),
there is a set of second-class constraints
ϕ(χ)r := P
(χ)
r +
i
4
hχ¯r ≃ 0 , ϕ¯(χ)r := P(χ¯)r −
i
4
hχr ≃ 0 ,
ϕ(χ)a := P
(χ)
a −
i
4
γ hχ¯a ≃ 0 , ϕ¯(χ)a := P(χ¯)a +
i
4
γ hχa ≃ 0 ,
ϕ
(φ)
i := P
(φ)
i − iβ
1
32h3/2
φ¯i ≃ 0 , ϕ¯(φ)i := P(φ¯)i + iβ
1
32h3/2
φi ≃ 0 (7.10)
with the following non-zero canonical brackets:
{ϕ(χ)r , ϕ¯(χ)s } =
i
2
hΩrs , {ϕ(χ)a , ϕ¯(χ)b } = −
i
2
γ hεab , {ϕ(φ)i , ϕ¯(φ)k } = −iβ
1
16h3/2
εik . (7.11)
Then the standard Dirac procedure yields the following non-zero brackets involving
the fermionic variables:
{χr, χ¯s}D = 2i1
h
Ωrs , {χa, χ¯b}D = −2iγ 1
h
εab , {φi, φ¯k}D = −16i h
3/2
β
εik,(7.12)
{P(h), χr}D = 1
2h
χr , {P(h), χ¯r}D = 1
2h
χ¯r ,
{P(h), χa}D = 1
2h
χa , {P(h), χ¯a}D = 1
2h
χ¯a ,
{P(h), φi}D = − 3
4h
φi , {P(h), φ¯i}D = − 3
4h
φ¯i . (7.13)
In what follows, we will omit the index “D” on these brackets. Using them, one can
calculate the brackets between Jkl , Q
i , Q¯i , and H and convince oneself that they form
a closed superalgebra. Here we present the brackets between the Sp(n, 1)(Sp(n + 1))
currents Jar:
{Jar, Jbs} = −2γ
[
Ωrs J(ab) + εab J(rs)
]
, (7.14)
where
J(ab) = f
i
(a P
(f)
ib) −
i
2
γ hχ(aχ¯b) , J(rs) = Fˆ
i
(r P
(F )
is) +
i
2
hχ(rχ¯s) (7.15)
are Sp(1) and Sp(n) currents. Note that the brackets of P(h) with the internal sym-
metry currents Jar , J(ab) and J(rs) are vanishing, as it should be. The same concerns
the brackets with the Hamiltonian H. It is rather easy to check that Jar , J(ab) and
J(rs) have zero bracket with the quadratic combination of the currents
C(2) = γ J bsJbs − 2
[
J (ab)J(ab) + J
(rs)J(rs)
]
, (7.16)
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which can thus be identified with the second-order Casimir of Sp(n, 1) (for γ = 1) or
Sp(n+ 1) (for γ = −1 ).
Actually, besides the dynamical variables, the full ungauged (super)charges involve
the auxiliary fields, bosonic and fermionic, which have no kinetic terms in the La-
grangian and so have vanishing conjugate momenta. This produces new Hamiltonian
constraints, which, for the time being, are difficult to analyze in a full generality1. For
this reason, in this paper we limit our consideration to the bosonic sector of the whole
system.
8 Dirac analysis of the bosonic model
In what follows we will restrict our attention to the bosonic part (3.3):
L
b
HP =
1
2
h
(
˙ˆ
F ir
˙ˆ
Fir − γ f˙ iaf˙ia
)
+ Lik
(
Fˆ (ir
˙ˆ
F k)r − γf (iaf˙k)a
)
+
1
4
D
(
γf iafia − Fˆ irFˆir + β√
h
)
+
β
4
1√
hh
(
LikLik − 1
8
h˙2
)
, (8.1)
where we ignored the fieldsM, M¯ and µ which fully decouple in the absence of fermionic
variables. We will perform the Dirac analysis of the above Lagrangian.
Digression: relativistic particle.
As a warmup, we replay the Dirac formalism in the application to the well known
case of the massive relativistic particle:
L = −m
(
−(X˙)2
)1/2
, (X˙)2 = −(X˙0)2 + (~˙X)2. (8.2)
We have:
P =
∂L
∂X˙
=
mX˙√
−X˙2
,⇒ P2 = −(P0)2 + ~P 2 = m
2(X˙)2
−X˙2 = −m
2, (8.3)
that is, we arrive at the primary constraint:
Φ(t) = P2 +m2 ≃ 0. (8.4)
The corresponding canonical Hamiltonian vanishes and so (8.4) is the only first-class
constraint. The Hamiltonian becomes:
H =
1
2
ℓ
(
P
2 +m2
)
. (8.5)
1The Hamiltonian analysis of the simplest N = 1, 1D “supergravity” system, with the worldline
multiplet consisting of a real “graviton” and one real “gravitino”, was accomplished in [13].
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We consider now the Hamiltonian form of the Lagrangian for the relativistic massive
particle:
L = X˙P− ℓ
2
(P2 +m2). (8.6)
This Lagrangian has a local symmetry:
δX = α(t)P, δP = 0, δℓ = α˙(t), (8.7)
for which reason we naturally expect first-class constraints. Indeed, X and P are
conjugate variables, while the momentum corresponding to the variable ℓ vanishes:
Πℓ =
∂L
∂ℓ˙
= 0⇒ Φℓ = Πℓ ≃ 0, (8.8)
so that Φℓ ≃ 0 is a primary constraint. Introducing the Hamiltonian:
H = X˙P− L = ℓ
2
(P2 +m2), (8.9)
together with the relevant non-vanishing equal-time Poisson brackets,
{X,P} = 1, {ℓ,Πℓ} = 1, (8.10)
and then imposing the condition of conservation of the constraint Φℓ,
Φ˙ℓ = {Φℓ,H} = −1
2
(P2 +m2) ≃ 0, (8.11)
we arrive at the mass-shell condition (P2+m2) ≃ 0 as a secondary first-class constraint.
This is the complete set of constraints, and the quantum theory is obtained by replacing
the non-vanishing Poisson brackets by the commutators:
[X,P] = i, [ℓ,Πℓ] = i . (8.12)
Thus X, ℓ can be viewed as standard multiplication operators, while the corresponding
momenta are P = ∂/(i∂X), Πℓ = ∂/(i∂ℓ). These operators act on the space of wave
functions Ψ(X, ℓ), and the corresponding first-class constraints tell us that the wave
function does not depend on ℓ and obeys the Klein Gordon equation:
(P2 +m2)Ψ(X) = 0. (8.13)
Getting back to (8.6), we can eliminate P:
X˙ = ℓP, ⇒ L = X˙
2
2ℓ
− ℓm
2
2
(8.14)
and, furthermore, eliminate ℓ:
−X˙2
2ℓ2
− m
2
2
= 0, ⇒ L = −m
(
−(X˙)2
)1/2
. (8.15)
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Then it becomes clear that the Lagrangian in the Hamiltonian form (8.6) is more
general then (8.2), as it also permits the case m = 0. For the massless particle the con-
figuration space action involves an additional field ℓ. The auxiliary field ℓ is necessary
to guarantee the gauge invariance:
δX =
α(t)
ℓ
X˙, δℓ = α˙(t). (8.16)
This auxiliary field cannot be eliminated as this would lead to a vanishing action.
Its role is to impose the gauge invariant mass shell constraint (this is nicely explained
in [14]). One can then fix the gauge to obtain a simpler action. In what follows we will
proceed for (8.1) in a similar fashion.
Back to (8.1).
A first glance at (8.1) tells us that it is not in the Hamiltonian form analogous to
(8.6). Exploiting the Dirac method, we will arrive at the corresponding Hamiltonian
form.
We start by defining the canonical momenta:
P
(F )
ir =
∂LHP
∂
˙ˆ
F ir
= h
˙ˆ
Fir − LikFˆ kr , P(f)ia =
∂LHP
∂f˙ ia
= −γhf˙ia + γLikfka ,
P
(h) =
∂LHP
∂h˙
= − β
16h3/2
h˙ , P
(L)
ik =
∂LHP
∂L˙ik
= 0, P)(D) =
∂L
∂D˙
= 0 . (8.17)
An inspection of the above formulas tells us that we have now two primary sets of
commuting constraints:
Φ
(L)
ik := P
(L)
ik ≃ 0, Φ(D) := PD ≃ 0. (8.18)
Indeed, using the non-vanishing Poisson brackets:{
Fˆ ir,P
(F )
js
}
= δijδ
r
s ,
{
f ia,P
(f)
jb
}
= δijδ
a
b ,
{
D,P(D)
}
= 1,
{
Lik,P
(L)
jl
}
=
1
2
(
δijδ
k
l + δ
i
lδ
k
j
)
, and
{
h,P(h)
}
= 1, (8.19)
we can calculate: {
Φ
(L)
ik ,Φ
(D)
}
= 0. (8.20)
Introducing the Hamiltonian of our system as
H
′ =
˙ˆ
F irP
(F )
ir + f˙
ia
P
(f)
ia + h˙P
(h) + [(L˙ikP
(L)
ik + D˙P
)(D)) = 0]− LbHP ,
we obtain:
H
′ =
1
2h
(
P
(F )
ir + LikFˆ
k
r
)(
P
(F )ir − Lik′Fˆ rk′
)
− γ
2h
(
P
(f)
ia − γLikfka
)(
P
(f)ia + γLik
′
fak′
)
16
− 8h
3/2
β
(P(h))2 − D
4
(
γf 2 − Fˆ 2 + β
h3/2
)
− β
4h3/2
LijLij . (8.21)
Imposing the requirement of weak vanishing of the Poisson bracket of the primary
constraints (8.18) with the Hamiltonian (8.21), we obtain two new sets of first-class
constraints:
ΦF−f := γf 2 − Fˆ 2 + β
h1/2
≃ 0, ΦFP(F)ll′ := Fˆ r(lP(F )l′)r + fa(lP(f)l′)a ≃ 0. (8.22)
Using the definitions (8.17) in (8.21) and taking into account the constraints themselves,
one gets:
H
′ ≃ H
∣∣∣(M,M¯,µ,φi,φ¯k)=0 , (8.23)
where H is given by (6.17). Using eq. (8.17) in ΦFP
(F)
ll′ we get:
ΦFP
(F)
ik = −Jik
∣∣∣(φi,φ¯j)=0 = hFˆ r(i ˙ˆF k)r + 12 Fˆ 2Lik,
where Jik is given by eq. (6.1). This means that the constraint Φ
FP(F)
ll′ is just the
SU(2) - R charge discussed earlier.
Further, one calculates: {
ΦF−f ,ΦFP
(F)
ll′
}
= 0,
{
ΦFP
(F )
ll′ ,Φ
FP(F )
kk′
}
=
1
2
(
ǫlkΦ
FP(F )
l′k′ + ǫl′kΦ
FP(F )
lk′ + ǫlk′Φ
FP(F )
l′k + ǫl′k′Φ
FP(F )
lk
)
.
At this stage, we can use these constraints to simplify the Hamiltonian (8.21):
H
′ =
1
2h
[
(P(F ))2 − 1
γ
(P(f))2 − 16h
5/2
β
(P(h))2
]
− 1
4
(
LijLij
h
+D
)
ΦF−f
− 2LijΦFP(F)ij ≃ H, (8.24)
with
H =
1
2h
[
(P(F ))2 − 1
γ
(P(f))2 − 16h
5/2
β
(P(h))2
]
. (8.25)
Then, ΦFP
(F)
ll′ commutes with H , while commuting Φ
F−f with H gives rise to the new
constraint:
ΦP
(f)f :=
1
h
(
P
(f)iafia + P
(F )irFˆir
)
− 4Ph ≃ 0, (8.26)
Poisson bracket of which with H defined in (8.25) is equal to:
{
ΦP
(f)f , H
}
≃ −2
h
H.
We also have: {
ΦP
(f)f ,ΦFP
(F)
ll′
}
= 0,
{
ΦP
(f)f ,ΦF−f
}
= −2
h
ΦF−f .
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Taking into account that the new constraint H is weakly equivalent to H′, which in its
turn is weakly equivalent to H
∣∣
M,M¯,µ,φi,φ¯k=0
, the properly restricted (6.17) is weakly
equivalent to the new constraint H . It is thereby established that, in the present
approach, the generators of global symmetries of our model correspond to some first-
class constraints.
The algebra of the constraints
(
ΦF−f ,ΦFP
(F)
ll′ ,Φ
P(f)f , H
)
, closes in the weak sense
and the Hamiltonian finally becomes:
H = H0(t)H − All′(t)ΦFP(F )ll′ +B(t)ΦP
(f)f −D(t)ΦF−f .
Now we are able to write the action in the Hamiltonian form:
S =
∫ t1
0
dt
[
˙ˆ
F ir(t)P
(F )
ir (t) + f˙
ia(t)P
(f)
ia (t) + h˙(t)P
(h)(t)−H (t)
]
. (8.27)
Using the definitions (8.17) in (8.26), one can show that
ΦP
(f)f = −1
2
d
dt
ΦF−f . (8.28)
Therefore, integrating by parts in the action, one can absorb the constraint ΦP
(f)f into
a redefinition of the Lagrange multiplier D. We will not further pursue this approach,
because, when we deduce the corresponding gauge transformations, some of them may
turn out singular on the surface of constraints. The action (8.27) should have the
corresponding gauge invariances specified by the transformations which are generated
by the first-class constraints incorporated in this action. In what follows we will spell
the local transformations which should not be singular on the surface of constraints.
A. Transformations corresponding to the constraint H (8.25):
δFˆ ir =
b(t)
h
P
(F ) ir, δf ia = −b(t)
γh
P
(f) ia, δh = −b16h
3/2
β
P
(h), (8.29)
δP(h) =
b(t)
h
H +
20b(t)h1/2
β
P
(h) 2, δH0 = b˙+
2b
h
B, δB = −2bD − 16bh
1/2
β
P
(h)B.
B. Transformations corresponding to the constraint ΦFP
(F)
ll′ in (8.22):
δFˆ ir = τ ilFˆ rl , δP
F
ir = τ
l
iP
(F )
rl , δf
ia = τ ilfal , δP
(f)ia,= τ liP
(f)al,
δAll
′
= −τ˙ ll′ − τ lkAkl
′ − τ l′k Akl. (8.30)
C. Next, transformations corresponding to the constraint ΦF−f in (8.22):
δPFir = 2αFˆir, δP
f
ia = −2γαfia, δP(h) =
βα
2h3/2
, (8.31)
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δD = −α˙− 2α
h
B, δB = 2αH0. (8.32)
D. Finally, transformations corresponding to the constraint ΦP
(f)f in (8.26):
δFˆ ir =
c
h
Fˆ ir, δP
(F )
ir = −
c
h
P
(F )
ir , δf
ia =
c
h
f ia, δP
(f)
ia = −
c
h
P
(f)
ia , δh = −4c,
δP(h) =
c
h2
(f iaP(f)+Fˆ irP
(F )
ir ), δH0 = −
2c
h
H0, δB = c˙+
16h1/2c
β
P
(h)H0, δD = −2c
h
D.
We thus have established that the action (8.27) is invariant under the local transfor-
mations listed above. We have shown that this action has six gauge invariances, while
for the original action (8.1) we exhibited only four explicit gauge invariances, viz., the
local SU(2), and time reparametrizations. An interesting question is as to whether
the action (8.1) also exhibits the remaining two gauge invariances. However, it may
happen that such additional gauge invariances are specific just to the Hamiltonian
form of the action. As in the case of the Hamiltonian form of the action for the mas-
sive particle, we expect the presence of the relevant first-class constraints. Indeed,
P
(F )
ir (t),P
(f)
ia (t),P
(h)(t) are variables canonically conjugated to Fˆ ir(t), f ia(t), h(t),
while the momenta corresponding to H0, A
ll′, B,D, vanish, so that the standard Pois-
son brackets restore the previous four constraints as secondary first-class ones. The
quantization of the above system is problematic as at the moment we are not aware
of the general solution to the first-class constraints on the space of wave functions
Ψ(Fˆ ir, f ia, h). Gauge fixing might simplify the above constraints, but we are inter-
ested to glimpse the covariant quantization.
It remains to prove the equivalence with the original action. To this end, like for
the massive particle in (8.14), we substitute the corresponding momenta in (8.27) by
their explicit expressions:
P
(F )ir =
h
H0
(
˙ˆ
F ir + AilFˆ rl −
B
h
Fˆ ri
)
, P(f)ia = −γh
H0
(
f˙ ia + Ailfal −
B
h
f ia
)
,
P
(h) = − β
16H0h3/2
(
h˙+ 4B
)
.
After the redefinition Lij = hAij , some rearrangements and integrations by parts we
represent the Lagrangian in (8.27) as:
L =
1
H0
[
L
b
HP −
D
4
ΦF−f
]
+
[
4H0 + 1
4H0
D − 1
2
d
dt
(
B
H0
)
− B
2
2hH0
− L
ijLij
4hH0
]
ΦF−f .
If we eliminate H0 from the above expression we obtain that the Lagrangian is weakly
vanishing. This can be easily confirmed using the available constraints. Like in the
case of the massless particle, it is a step which can be done but it does not appear to be
useful. To obtain our original action it is in fact enough to fix the gauge with respect to
the transformations (8.29) by the condition H0 = 1. In order to be convinced that this
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gauge choice is permissible, we assume that H0 = 1 + ǫ and, using (8.29), determine
the infinitesimal transformation parameter to be:
b =
(∫ t
dt”ǫ(t”)exp
{
2
∫ t”
du
B
h
(u)
})
exp
{
−2
∫ t
dt′
B
h
(t′)
}
.
Finally, in the gauge H0 = 1 we redefine the auxiliary field D as
D′
4
=
5D
4
− 1
2
dB
dt
− B
2
2h
− L
ijLij
4h
and come back to the initial Lagrangian (8.1). We therefore conclude that the action
(8.27) and the action corresponding to (8.1) are equivalent.
9 Concluding remarks
In this paper we continued the study of the new class of N = 4 supersymmetric
mechanics models introduced in [6], the Quaternion-Ka¨hler (QK) ones. We limited
our attention to their simplest representatives, with the 1D sigma models on the ho-
mogeneous projective manifolds HHn or HPn as the bosonic core. We started from
the total off-shell component actions of these supersymmetric models, wrote down the
local gauge transformations leaving these actions invariant, and explicitly presented
the corresponding global invariances, together with the Noether currents associated
with the latter. The full set of the equations of motion for different fields, involving
both dynamical and algebraic equations, was accurately written down. The currents
corresponding to global symmetries the gauging of which yields the total local symme-
tries of the action, were found to be vanishing on the shell of the equations of motion,
while those related to the global isometries Sp(n+1) (or Sp(n, 1)) do not vanish. The
vanishing of the first type of currents is quite analogous of the on-shell vanishing of
Virasoro currents in bosonic string theory and/or the vanishing of N = 4 supercur-
rents in the spinning particle coupled to a non-propagating N = 4, 1D supergravity
(see, e.g., [15]) 2. The vanishing of these currents is associated with the local worldline
N = 4, 1D supersymmetry of the models considered and so this property should be
equally valid for the most general N = 4 QK mechanics model which also respects
this local supersymmetry and the superfield action of which (as well as the bosonic
component action) were given in [6]. For the same reason, the hamiltonian analysis
of Sect. 8 should also be directly applicable to the general case. We hope to address,
from this point of view, examples of more general QK mechanics models (with the
2An important difference from the spinning particle is that the models of N = 4 QK mechanics
are coupled to an extended (“non-minimal”) worldline N = 4, 1D supergravity multiplet involving,
besides the gauge fields for local 1D reparametrizations, local N = 4 supersymmetry and local SU(2)
R-symmetry, also some auxiliary fields. One of them (the field D) is a Lagrange multiplier for the
important bosonic constraint (see (3.3)) ensuring the correct number of physical bosonic fields in the
theory.
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reduced isometry groups) elsewhere. An important property of N = 4 QK mechanics
models is the possibility to add, to the sigma-model type action, the locally N = 4
supersymmetric Wess-Zumino term. It would be interesting to see how the inclusion
of such terms (even in the simplest HHn or HPn cases) will affect the analysis carried
out in the present paper.
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